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Visualize a card from a deck of playing 
cards. 

Can you find the 
area of a single 
playing card? 

How about it's 
volume?

Can you find the 
volume of a deck of 
playing cards?

Nov 15­9:39 PM

This is a stack of CD's.
What information do 
you need to know to be 
able to set up an 
integral and calculate 
the volume of a solid 
formed this way.

Do you know something
that has the same volume
as this stack of cd's?
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Orange 1

1. Given half of an orange, if you were going to 
identify a "base", what would it be?                

2. Slice your 1/2 of the orange so that you get 
cross sections perpendicular to that base.  
What shape are the cross ‐ sections?

1. Given half of an orange, if you were going to 
identify a "base", what would it be?                

2. Slice your 1/2 of the orange so that you get 
cross sections perpendicular to that base.  
What shape are the cross ‐ sections?

Orange 2

Area of a circle = 

Area of a semicircle = 

Equation of a circle:  

1­1

1

What do you know about a circle?

Orange 3

Area of a circle = Area of a semicircle = 

Equation of a circle:  

1­1

1

Radius of the semicircular cross‐sections = 

How many semicircles are there 
from x = ‐1 to x = 1?

Radius of the circle?

How thick is each one?

infinitely many

infinitely small

r = 1

Move the rectangles to reveal the answers.

Orange 4

Area of a circle = 

Area of a semicircle = 

Equation of a circle:  

Radius of the semicircles = 

1­1

1
To find the volume of 1/2 of the orange, 

sum the _______________ of all of the

 _________________ from ________ 

to ________. 

semicircles
areas

­1
1

Radius of the circle =  1

Move the rectangles to reveal the answers.
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The area function A(x) was written in terms 
of x and is called the integrand. The limits of 
integration showed where the square started 
and where it ended up as it moved along the 
x-axis. The dx represented the infinitely 
thin thickness of each cross-section, The 
integral sums those areas calculating the 
volume of the solid. I realize that it might be 
a bit simplified but it made the calculus make 
sense - YAY!  There are sites on the 
Internet that will do the integration like the 
Definite Integral Calculator .  Take the 
mystery out of the notation! 

2

orange
semi circular cross-sections

1

1

1

Nov 15­9:38 PM

Can you find more than one integral that will find 
the volume of 1/2 the orange using known cross‐
sections.

Area of a semicircle = 

Radius of the semicircles = 

Move the rectangles to reveal the answers.

1 2 3

54

Oct 13­1:09 AM Oct 13­1:10 AM

Isosceles Right Triangular Cross-
sections on a circular base

Equilateral Triangular cross-
sections on a circular base
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Start with the circle base with squares investigation.  

a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid when r = 2.

Volumes on Base.gsp

Start with the Circle base with equilateral triangles 
investigation.  

a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid when r =2.

V =

V =

Nov 15­5:58 PM

V =

V =

V =

Click to reveal 
the integral

Semicircles

Right Triangles

r=2

Isosceles
Right
Triangles

Click to reveal the 
integral

Click to reveal 
the integral

Pictures made with Geometer's 
Sketchpad and Calculus in Motion 
by Audrey Weeks http://www.calculusinmotion.com/

Nov 15­9:37 PM

Create a model of one of the solids 
made of known cross‐sections.

Nov 15­7:11 PM

Write a paragraph or two that addre
sses these questions and other 

comments that you have.

o How did this lab help you with s
eeing how the figures were made

 

and how volume could be calcul
ated?

o What observations can you make a
bout these types of figures?

o Is there a general formula for fin
ding the volume of a figure of th

is 

type?

o What has to be true of the formulas
 for the areas under the curve if 

they are to be used in an integral
 to find volume? 



CalculusVolumes2015.notebook

http://GreenApples.wikispaces.com/Calculus 5

January 25, 2015

Nov 15­5:58 PM

Student Made
Models of Solids
of Revolution

Student Made
Models of Solids
of Revolution

Jan 24­12:56 AM

Jan 24­12:56 AM Jan 24­8:23 AM

Files are available at

http://greenapples.wikispaces.com/Calculus
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Resources

Create Activities for Your SMARTTM Board, 2nd Edition
Discounts are available for multiple books.   
Become a Friend of Visions Technology on Facebook and find 
notifications of more free Notebook files to download.

http://smartboardsmarty.wikispaces.com/

http://resourcegarden.wikispaces.com/

Resources for SMARTTM  Board users 

Resources for your SMARTTM Board lessons

Resources for your SMARTTM Board Geometry lessons
http://GeometryGems.wikispaces.com/

Follow me on twitter:                           Follow me on pinterest: 

http://pinterest.com/napmath/

https://twitter.com/NAPmath

For even more resources...

My blog:
http://napmath.wordpress.com/

@NAPmath

http://www.toolsforteachers.com/home/vtc/create­activities­for­your­smart­board 

Resources for your SMARTTM Board Math lessons
http://GreenApples.wikispaces.com/



Attachments

cupcake and donunt gsp files.gsp

FoodLab#1DisksandWashers 2009.doc

FoodLab1cShells2009.doc

Fun with Integrals revised 2009 answers.doc

Fun with Integrals revised 2009.doc

Volumes on Base.gsp

Area Cross­SectionLab and Worksheet.doc

Area with known cross sections LabKey.doc
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Your name:______________________________



Your Partner: ____________________________



.  Don’t eat your food until you’re told to do so! Make all measurements with metric measures.

1.  What “food” are you going to find the volume of (i.e. donut, cupcake, etc.)? ________________


      (Name one piece Food A and the other Food B for this lab.  We’ll refer to them by these names from now on.)


2.  In Food A, place a toothpick in your food where the axis of revolution is located.


3.  a.   Cut Food B in half from top to bottom so that both halves are congruent.  


b.  Cut one of the halves into two congruent pieces by slicing from top to bottom (obtaining 2 quarters of your food)

c. What shape is your cross-section (face of your cross-section)? ____________________________


d.  Take some measurements and sketch a cross-section (that you see when you look at one-quarter of your food) in the first quadrant on the axes below.  Sketch your food such that the axis of revolution is on or parallel to the x-axis.  (see the examples below)
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4.  Find a function for each of the top and bottom functions.  LABEL your graph with these functions.

5.  a.  Now it’s time to slice Food A.  To see what it means to have a disk or washer as a cross-section of your solid of revolution, turn Food A so that the axis of revolution is parallel to the table (while on your plate) and slice it perpendicular to the axis of revolution.(you’ll need to take the toothpick out first)


b.  What is the shape of this cross-section _______________________________ (sketch one at each end of your graph in part 3 about your axis of revolution)

c.  In Calculus we call circles with no holes in the center – disks.  

We call circles with holes in the center – washers.  

Are your cross-sections disks or washers?  


________________________________

d.  Using geometry, what formula would you use to find the area 

of this cross-section?   Use R for the outer radius (and 

r for an inner radius if there is one).



________________________________

e.  Are the radii of all of your cross-sections the same length? ___________________

f.  What determines the length of the radii? _________________________________


6.  Integrating the height of function gave us area.  Integrating the area will give us volume.  Find the volume of your “Food”.



a.  write an integral using the area of the cross-sections with appropriate radii function(s).


b.  find it’s antiderivative



c.  evaluate it for based on your limits of integration. (check with your calculator)

7.  If your food just fit in a “rectangular box”, what would be the dimensions and the volume of the box?


8.  Does your volume (#6) make sense based on your answer volume that you calculated in question #7?  Why or why not?


9.  What did you learn about the volumes of solids of revolution via the book, your lab experience, your homework, and this “food” lab?  Please be as specific as you can.  What helped you the most and why?

Food Lab #1 and Volumes with disks – Homework:


Read and take notes on 7.1, Do P. 463 # 1-4, 7-10, 11-14: Carefully sketch the graphs (include all coordinates of intercepts and intersections) for each of the solids and label each as a volume determined by disks or washers as cross-sections of the solid if cut perpendicular to the axis of revolution.  If the solid is made with disks, write the integral, its antiderivative, and evaluate it to find its volume – if not, leave it for later!





Your name:______________________________



Your Partner: ____________________________



.  Don’t eat your food until you’re told to do so! Make all measurements with metric measures.


1.  What “food” are you going to find the volume of (i.e. donut, cupcake, etc.)? ________________


      (Name one piece Food A and the other Food B for this lab.  We’ll refer to them by these names from now on.)

2.  Describe where the axis of revolution is located. _____________________________________  We are going to make our axis of revolution at y = -1.  Graph this line with a dotted line and mark it as the axis of revolution.

3.  
a.   Cut Food B like a pie and take a slice.  


b. Measure from inside out to get the height of the y-value of the vertex of your parabola and plot the point at (0,y) ____________________________  (round to the nearest half-centimeter)

c. c.  Measure from top to bottom (round to the nearest half-centimeter) to find the width of the parabola and divide it in half to get two points (x, 0) and (-x,0) the axes below.  Sketch your food such that the axis of revolution is on or parallel to the x-axis.  (see the examples below)
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4.  Find a function for each of the top (parabola ) and bottom (line at the top of the hole of the donut) functions.  LABEL your  graph with these functions.


5.  a.  Now it’s time to slice Food A.  To see what it means to have a disk or washer as a cross-section of your solid of revolution, turn Food A so that the axis of revolution is parallel to the table (while on your plate) and slice it perpendicular to the axis of revolution.(you’ll need to take the toothpick out first)


b.  What is the shape of this cross-section _______________________________ (sketch one at each end of your graph in part 3 about your axis of revolution)


c.  In Calculus we call circles with no holes in the center – disks.  


We call circles with holes in the center – washers.  


Are your cross-sections disks or washers?  


________________________________


d.  Using geometry, what formula would you use to find the area 


of this cross-section?   Use R for the outer radius and 


r for an inner radius.



________________________________


e.  Are the radii of all of your cross-sections the same length? ___________________


f.  What are the functions that determine the length of your radii (be careful...your axis of revolution is at y = -1 and does impact R and r)? 




R = _______________________________   r = ______________________________

6.  Integrating the height of function gave us area.  Integrating the area will give us volume.  Find the volume of your “Food”.



a.  write an integral using the area of the cross-sections with appropriate radii function(s).



b.  find it’s antiderivative



c.  evaluate it for based on your limits of integration. (check with your calculator)


7.  If your food just fit in a “rectangular box”, what would be the dimensions and the volume of the box?


8.  Does your volume (#6) make sense based on your answer volume that you calculated in question #7?  Why or why not?


9.  What did you learn about the volumes of solids of revolution via the book, your lab experience, your homework, and this “food” lab?  Please be as specific as you can.  What helped you the most and why?


 Food Lab #1B:  Volumes with washers  - Homework:  


P. 463 # 5, 6, Find the volumes of the parts of problems 11-14 that you identified as washers and....# 15, 18, 19, 21, 23

SMART Notebook
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Your name:______________________________



Your Partner: ____________________________



.  Don’t eat your food until you’re told to do so! Make all measurements with metric measures.

1.  What “food” are you going to find the volume of ? ________________
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2.  Locate where the axis of revolution is located.

3.  a.   Cut your food as directed in class – in concentric circles and parallel to the axis of revolution (unlike disks and washers whose cross sections were found by slicing perpendicular to the axis of revolution).  Looking down from the top of the food, you should see something like the picture here:  

b.  If you lifted one of the sections out of the center, what shape would it be?

      c.  In calculus, we call these cylindrical shells.  They are just like stacking cylinders inside cylinders - nested cylinders!

d.  In geometry there is a formula that can be used to find the surface area of these figures.  Write it below.

[image: image3.emf]d.  Take some measurements and sketch a slice in the first quadrant on the axes below with the axis of revolution is the center of your food.  Sketch your food such that the axis of revolution is on or parallel to the y-axis.  
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     If desired, drag A, B; drag axis of rev.,


        or, click this button 


axis of revolution: x = 0.0
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4.  Find functions for the top and sides of your figure.  LABEL your  graph with these functions and any intersection points.

5.  a.  Are the radii of all of your cylinders the same length? ___________________


b.  What determines the length of the radii? ___________________________________________


c.  What determines the height of the cylinders?  Draw a picture of the food and label the radius and the height.

6.  Integrating the surface areas of the cylinders will give us volume.  Find the volume of your “Food”.



a.  write integrals using the cylindrical shells with appropriate radii and height function(s).
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b.  find it’s antiderivative



c.  evaluate, based on your limits of integration. (check with your calculator)


7.  If your food just fit in a “rectangular box”, what would be the dimensions and the volume of the box?


8.  Does your volume (#6) make sense based on your answer volume that you calculated in question #7?  Why or why not?


10.  What did you learn about the volumes of solids of revolution when you use cylindrical shells to find it’s volume via the book, your lab experience, your homework, and this “food” lab?  Please be as specific as you can.  What helped you the most and why?  Feel free to attach an additional sheet if you need more space.
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Name ____________________________

Determine the answers to the following.  Use your imagination and think creative.  Place the actual value of the integral in the blanks by the integral and the “fun answer” in the “answer” column.

Answers:


		a.  eye tooth

		b. billboard 

		c.  lean-to

		d.  iceberg



		e.  sea shore

		f.  movie theater

		g.  New York

		h.  houseboat



		i.  see a real square

		j.  half a pie

		k.  debatable

		l.  tent



		m.  tea for two

		n.  liniment

		o.  tan hide

		p.  wound



		q.  hydroplane

		r.  cart

		s.  cot springs

		t.  lunatic



		u.  ice cube

		v.  natural log cabin

		w.  that’s all

		x.  dike



		y.  movie hero

		z.  force

		aa.  eye for eye tooth for tooth



		bb.  houseboat 

		cc.  smarty

		dd.  universe 

		



		

		Answer



		1. 
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__ln|cabin|___ + C =  _____natural log cabin_____ 

		1. ____v_____



		2. 
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____ice3_______ + C = _____ice cube___________

		2. ____u_____
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C +  ____________________  = __________________

		3. ____i_____
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 C +  ________________________  = _________________________

		4. ____p_____
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 C +  ______________________  = ______________________

		5. ____r_____
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 C + ___________________  = ______________________

		6. ____x____
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______________________ = ______________________

		7. ____n_____
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 C + ___________________ = ___________________

		9. ____q_____
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________________ + C = _______________________

		10. ____z_____
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______________________ = _______________________

		11. ____L_____
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______________________ = __________________________
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 ______________________ = _________________________

		15. ____J_____
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___________________ = _______________________

		16. ____F_____
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		21.  ____CC___
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 ____home_________________= houseboat

		25.  ____BB____
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___ ln|attack| ___________ = ____lunatic_____

		26.  ____t ______



		1. Create one or two of your own…
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Name ____________________________

Determine the answers to the following.  Use your imagination and think creative.  Place the actual value of the integral in the blanks by the integral and the “fun answer” in the “answer” column.

Answers:


		a.  eye tooth

		b. billboard 

		c.  lean-to

		d.  iceberg



		e.  sea shore

		f.  movie theater

		g.  New York

		h.  houseboat



		i.  see a real square

		j.  half a pie

		k.  debatable

		l.  tent



		m.  tea for two

		n.  liniment

		o.  tan hide

		p.  wound



		q.  hydroplane

		r.  cart

		s.  cot springs

		t.  lunatic



		u.  ice cube

		v.  natural log cabin

		w.  that’s all

		x.  dike



		y.  movie hero

		z.  force

		aa.  eye for eye tooth for tooth



		bb.  houseboat 

		cc.  smarty

		dd.  universe

		



		

		Answer



		1. 
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		13. _________



		14. 

[image: image14.wmf]0


cos()


board


ydy


=


ò


___________________=_______________________

		14. _________



		15. 

[image: image15.wmf]1


2


0


1


dw


a


w


=


-


ò


 ______________________ = _________________________

		15. _________



		16. 

[image: image16.wmf]cos()


ema


o


xdx


=


ò


___________________ = _______________________

		16. _________



		17. 

[image: image17.wmf](


)


2


0


sec


hide


zdz


=


ò


_________________________________

		17. _________



		18. 

[image: image18.wmf]2


2


csc()


springs


vdv


p


-=


ò


____________________= ______________________

		18. _________



		19. 

[image: image19.wmf]8


eye


tooth


xdx


=


ò


______________________= _____________________
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To explore Volumes of solids with known cross sections, we’ll be using Geometer’s Sketchpad.  To begin this activity, load Geometer’s Sketchpad version 4.  There is one exploration and the directions are given below.


1.   After getting in to Geometer’s Sketchpad, open the file called “volumes on base”.  Locate the menu at the bottom of the screen for 5 different investigations.

 Tools:
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· Circle base with squares


· Circle base with equilateral triangles


· Circle base with isosceles right triangles


· Right triangle base with semicircles


· Right triangle base with right triangles


2.  Each investigation has a set of tools to help you in your understanding of volume of the figures formed in each investigation.  Press each in the order given and explain to each other what each tool is helping you to see before completing the worksheet.


[image: image3.png]Figure 8-5m




3.  Start with the circle base with squares investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.  Write the volume of the solid 


(value of the integral) so that you can check your integral 


with your calculator.

4.  Start with the Circle base with equilateral triangles 


[image: image4.png]Cut a wedge. slide it out. Slice the wedge.
Figure 8-5n




investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.  Write the volume of the solid 


(value of the integral) so that you can check your integral 


with your calculator.

5.  Start with the Circle base with isosceles right triangles
investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.  Write the volume of the solid 


(value of the integral) so that you can check your integral 


with your calculator.

6.  Start with the Right triangle base with semicircles

investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.  Write the volume of the solid 


(value of the integral) so that you can check your integral 


with your calculator.

7.  Start with the Right triangle base with right triangles

investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.  Write the volume of the solid 


(value of the integral) so that you can check your integral 


with your calculator.

8.  On a separate piece of paper, write a paragraph or two that addresses these questions and other comments that you have.


· How did this lab help you with seeing how the figures were made and how volume could be calculated?


· What observations can you make about these types of figures?


· Is there a general formula for finding the volume of a figure of this type?


· What has to be true of the formulas for the areas under the curve if they are to be used in an integral to find volume? 


Homework:  Worksheet 1


1. Pyramid Problem:  A pyramid has a square base 8 cm by 8 cm and altitude 15 cm (Figure 8-5k).  Each cross-section perpendicular to the y- axis is a square.  Find the volume of the pyramid. Show that it is equal to one-third the volume of the circumscribed rectangular solid with the same base and altitude.


2.  Horn Problem:  figure 8-5l shows a horn-shaped solid formed in such a way that a plane perpendicular to the x-axis cuts a circular cross section.  Each circle has its center o the graph of 


y = 0.2x2 and a radius ending on the graph of y = 0.16x2 +1.  Find the volume of the solid if x and y are in centimeters.




3.  Triangular Cross Section Problem:  Region R under the graph of y = x0.6 from x = 0 to x = 4 forms the back side of a solid (figure 8-5m).   Cross sections of the solid perpendicular to the x-axis are isosceles right triangles with their right angle on the x-axis.  See figure 8-5m


a)  Find the volume of the solid.


b)  Quick!  Tell what the volume of the solid would be if the cross sections were squares instead of right triangles.


4.  Wedge Problem:  Figure 8-5n shows a cylindrical log of radius 6 inches.  A wedge is cut from the log by sawing halfway through it perpendicular to its central axis, then sawing diagonally from a point 3 inches above the first cut.  Your job is to find the volume of the wedge. 


a) Write an equation of the line that runs up the top surface of the wedge (in the xy-plane).


b) Write the equation of the circle in the xz-plane that forms the boundary for the bottom surface of the wedge.


c) Slice the wedge into slabs using planes perpendicular to the x-axis.  Find an equation for the volume dV of a representative slab.  Use the result to find the volume of the wedge.


(Historical note about the wedge problem…. This problem has an ancient history.  Its volume was first calculated in the third century B.C.  by Archimedes, who also derived the formula 
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 for the volume of a sphere of radius r.  His work on the wedge is found in a manuscript that was discovered in 1906 after having been lost for centuries.  Archimedes used a method of exhaustion for volume similar to that discussed for areas.)
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Name ___KEY_________________


To explore Volumes of solids with known cross sections, we’ll be using Geometer’s Sketchpad.  To begin this activity, load Geometer’s Sketchpad version 4.  There is one exploration and the directions are given below.


1.   After getting into Geometer’s Sketchpad, open the file called “volumes on base”.  Locate the tools at the left side of the screen and the menu at the bottom of the screen for 5 different investigations.
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Can you describe it? 


Got it? 


Do you see the solid? 


Reset


7. Slide Sq. in Solid


6. Show Solid


5. Create Solid


4. Sweep 1 Sq.


3. See 4 Sqs.


2. Drop y-axis flat


Rotate (anytime)


1. Show chords


+ 4 Sqs.?










Investigations

· Circle base with squares


· Circle base with equilateral triangles


· Circle base with isosceles right triangles


· Right triangle base with semicircles


· Right triangle base with right triangles
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2.  Each investigation has a set of tools to help you in your understanding of volume of the figures formed in each investigation.  Press each in the order given and explain to each other what each tool is helping you to see before completing the worksheet.
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3.  Start with the circle base with squares investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid. 
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If you are group one….STOP and meet me at 



the table for the next part of your investigation.


If you are not it group one, continue with the 



next step.
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4.  Start with the Circle base with equilateral triangles 


investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.
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If you are group two….STOP and meet me at 



the table for the next part of your investigation.


If you are not it group two, continue with the next step.


[image: image11.emf]


[image: image12.emf]


5.  Start with the Circle base with isosceles right triangles

investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.
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If you are group three….STOP and meet me at 



the table for the next part of your investigation.


If you are not it group three, continue with the next step.
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6.  Start with the Right triangle base with semicircles
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investigation.  


c) Sketch a picture of the solid formed. 

d) Write the integral that helps you find 

the volume of the solid.
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If you are group four….STOP and meet me at 



the table for the next part of your investigation.


If you are not it group four, continue with the next step.




7.  Start with the Right triangle base with right triangles

investigation.  


a) Sketch a picture of the solid formed. 

b) Write the integral that helps you find 

the volume of the solid.
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8.  Write a paragraph or two that addresses these questions and other comments that you have.


· How did this lab help you with seeing how the figures were made and how volume could be calculated?


· What observations can you make about these types of figures?


· Is there a general formula for finding the volume of a figure of this type?


· What has to be true of the formulas for the areas under the curve if they are to be used in an integral to find volume? 





Name ___________________________________


1. Pyramid Problem:  A pyramid has a square base 8 cm by 8 cm and altitude 15 cm (Figure 8-5k).  Each cross-section perpendicular to the y- axis is a square.  Find the volume of the pyramid. Show that it is equal to one-third the volume of the circumscribed rectangular solid with the same base and altitude.


2.  Horn Problem:  figure 8-5l shows a horn-shaped solid formed in such a way that a plane perpendicular to the x-axis cuts a circular cross section.  Each circle has its center o the graph of 


y = .0.2x2 and a radius ending on the graph of y = 0.16x2 +1.  Find the volume of the solid if x and y are in centimeters.




3.  Triangular Cross Section Problem:  Region R under the graph of y = x0.6 from x = 0 to x = 4 forms the back side of a solid (figure 8-5m).   Cross sections of the solid perpendicular to the x-axis are isosceles right triangles with their right angle on the x-axis.  See figure 8-5m


a)  Find the volume of the solid.


b)  Quick!  Tell what the volume of the solid would be if the cross sections were squares instead of right triangles.


4.  Wedge Problem:  Figure 8-5n shows a cylindrical log of radius 6 inches.  A wedge is cut from the log by sawing halfway through it perpendicular to its central axis, then sawing diagonally from a point 3 inches above the first cut.  Your job is to find the volume of the wedge. 


a) Write an equation of the line that runs up the top surface of the wedge (in the xy-plane).


b) Write the equation of the circle in the xz-plane that forms the boundary for the bottom surface of the wedge.


c) Slice the wedge into slabs using planes perpendicular to the x-axis.  Find an equation for the volume dV of a representative slab.  Use the result to find the volume of the wedge.
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